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ON THE POSSIBILITY OF RESONANCE STABILIZATION OF
A SYSTEM OF OSCILLATORS"

L. G. KHAZIN and G. G. KHAZINA

it is shown that resonance stabilization is possible in the case of interaction
between two unstable oscillators with equal frequencies, i.e. when a resonance is
"switched-on" the instability is superseded by asymptotic stability. This effect
cannot occur for no other relation between frequencies.

1. Statement of the problem. we consider the problem of equilibrium position of
a system of two linear oscillators linked by the strong nonlinear relationship

"t el = fien ) s, ), 5T efn = il w) (@, s ) (1.1

£i(0) =g;(0) =0, j=1,2
where the expansion in Taylor series of functions f and g begins with quadratic terms, and
function g; contains only cross terms.
It was shown in /1,2/ that in the absence of resonance between frequencies w; and @,
the equilibrium position of system (l.l) can be asymptotically stable only when each of the
oscillators is stable. Indeed, the shortened standard form of system (1.1} is

2 =gy + 345 12,12+ Ap iz ? (1.2)

and the asymptotic stability criterion stipulates the simultaneous fulfillment of the follow-
ing three conditions:

@y = Re 4y, <{0, a; = Red,, <0 (1.3)

A = a2y — a8y > 0 for ay >0, a5y >0, a;; = Redy;
of which the first two ensure the asymptotic stability of each oscillator.

Let us consider the question whether the equilibrium position of system (1.1} is possible
when one or both oscillators are unstable. The above exposition implies that this is only
possible when there is resonance of freguencies. Since a system with resonance of the fourth
or higher order is asymptotically stable or unstable simultaneously with system (1.2) (see
/3/), "resonance stabilization'is possible, if at all, only when the frequency ratic is 1:3
(0, = 3wy or 1:1 {®, = ®,) (note that when this ratic is 1:2 {(w, = 2w}, the equilibrium posi-
tion is unstable /4,5/).

It was previously shown (**) that, when the first of conditions (1.3) is violated, a
partial resonance stabilization of system (l.1) is possible. Namely, although system (1.2)
is unstable when a;>>0, the complete resonance system (1.l) may become asymptotically stable
when resonance L:3 is "switched on"., A fast oscillator stabilizes the instability generated
by the slow oscillator. The necessary condition for asymptotic stability of the considered
resonance system 1S g, <0-

The question of feasibility of resonance stabilization of system (1.1) when each oscil-~
lator is unstable, remained open. It will be shown in Sect.2 that such stabilization is
only possible when the frequency ratio is 1:1.

In Sects.3 and 4 the stability problem is considered from a more general point of view.
Let matrix 4 of the fourth order linearized system

2= F (), F(0) =0 (1.4)

have two pairs of pure imaginary eigenvalues
Apya = b iy, Ay o= £ iy = @
Under such conditions the Jordan form of matrix 4, as a rule, contains the cell
fim 1
% 0 —ie}

* Prikl.Matem,Mekhan.,44,No.4,660-666,1980

**)Khazin, L. G. and Shpol', E. E., Investigation of asymptotic stability of resomnance l:3.
Preprint No.67, Inst. Appl. Math., Akad.Nauk SSSR, 1978,
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The problem is of codimension v =3 and the equilibrium position is unstable(*). If
matrix 4 is diagonal (v=4) the stability problem cannot be algebraically solved, (**) con-
sequently, simple, readily checked necessary as well as sufficient stability conditions be-
come important. Such conditions are derived in Sects.3 and 4 of the present paper.

2. Two examples of resonance stabilization. ILet us consider two oscillators of
equal frequencies , = ©, = w linked by the strong nonlinear relation

2 = iwzy + 2y [Ag 120 |+ Aga |2, 2] 4+ By |31 %22 + ByziZ, + Byzy | 2, F -+ B ,z,2,® {(2.1)

2" =iz, + 2y [y |20 [P+ A |2, ) + Bsza |21 P+ Bezy 2, P + Br 2,2, + BeZizy®

where Ay and B; are complex numbers Ay = gy + ic;z and B; = b,-eiwf, and b; >0. System (2.1)
must be supplemented by two conjugate equations.

1°. Let us show that the equilibrium position of (2.1) can be asymptotically stable,
even when ¢; >0 and g, >0 on the following problem of two symmetrically linked oscillators.
We select the coefficients of system (2.1) of the form

Ay = Ay =1; Ay = Ay = ~91/3; By=By=173/3, B, =By =1; By=DB, = —42; B, =B, =01(2.2)

Function
L=z, 1>+ 2, |2 1/, (2,2 2,2
|24 | 122 P+ 1y (Zizy + 2,2) (2.3)
is the Liapunov function of system (2.1), (2.2).
Indeed, setting gz, — ]/pke“l’k, Y =@, — ¢, we obtain
L=p, +p, + Re (Y pype™) =(V p1 — Vpa / 2 + %upy >0
By virtue of (2.1) and (2.2) we have for dI /dt
UL = =20 (ps® + p2) — 20102 + 2 (p1 + p2) Vpup 008 p < —19 (ps® + pa?) <O
Hence the equilibrium position of system (2.1), (2.2) is asymptotically stable.
Remarks. a) A more general reasoning which yields as a corollary the considered here

Liapunov function appears in Sect.3; b) (2.3) is a Liapunov function for the complete system.
The asymptotic stability of the complete system also follows from the general theorems on
homogeneous systems /6/.

29, The nonresonance link may prove to be such that system (1.2) is unstable when each
of the oscillators is stable, i.e. when g; << 0, ay << 0 and ayay — apas, < 0 for a1 >0 and
Qo > 0.

We shall prove this on an example that in this case with @, = @, it is possible to stab-
ilize the system

7y =iz, — 16z, | 2, 2+ 11z, | 2, |* — 673 | 2, } 22, — Z;2,°
2," = 12y + 6512, |3, |2 — 102, | 2, |* — 1412 2z, | 2, |*

for which the Liapunov function is
L=2zP+ |2 ]2+lee+zlzz>Pl+(Vp~1“‘Va)2>O
VoLt < —20p," — 10p,® — 2p,p, cos 24 + p, Vp—lp—z cosp <L —V2 (39 p,° - 20p,2 — 5p,py) <O

3. The necessary conditions of stability. The stability of system (2.1) is
equivalent to the stability of the following third order system derived from (2.1) by passing
to polar coordinates py, ¢x (K =1, 2) using formulas gz, = Vph_eiwk; Y=y — @y, pp = 0:

(2.4)

. —— 3.1
e = 2 lapapr® + Qupspe + ¥V pioe (01Px + 0,741 ( )

V= Ppy - Ry + SV iy +
P pa'z [—bsr® sin (§ — s} — byp," sin ( + §5)]
Q) = aip +F bscos (29 + Pa); Q= ay -+ by cos (29 — )
@, = by cos (P + 1) + by cos (Y — Py); Dy = by cos (p — 5)
Wy = bscos (Y + ), ¥y = bs cos (p — pg) + by cos (P + 1s)
P = ¢y — ¢y — basin (p — )
R = ¢y — €15 — by sin {29 + o)
S = —bysin (p + 1) + by sin (Y -+ Py) — bgsin (p — ) + bg sin (P+pg)

*) Khazin, L. G., On the resonance instability of equilibrium positiocn at multiple resonance.

Preprint No. 97, Inst. Appl. Math., Akad. Nauk SSSR, 1975.
**) Khazina, G. G. and Khazin, L. G., The nonexistence of an algebraic criterion of asymptot-
ic stability at resonance. Preprint No.1l12, Inst. Appl. Math, Akad. Nauk SSSR, 1977.
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Then using the homogeneity of the obtained system with respect to p; and P:, and in-
troducing coordinates R and 0 (0 <C R < o0, 0L O o/ 2) by formulas p, = Rcos 9, p, = Rsin 6,
and dtv = Rdf , we obtain

dln R/ dv = 211 (8, 4) = 21T, (8) + 210, (8, v) (3.2)
d8/dv = g(8,9) = g (8) - g (6,¢), b/ dv=7F(8,49) =F(0) + K6
I, = ay; c0s® 8 4 @y, cos® Bsin © 4 ay; cos 8sin® B - a,, sin 0

IT, = cos'/4 sin'0 [I1,; cos®® -I- Iy, sin%@ -} T4 cos O sin §) -+
cos 0 sin 8 [b, cos 0 cos (24 4 ) -+ by sin 8 cos (2 — P,)]
Hy = by cos (@ + 1) -+ by cos (p — ), Thyy = bg cos ( — V) +
bg cos ($ -+ ), Ilyy = by cos (h -+ Py) - b, cos (P — ;)
& = cos Osin 0 [{ay, — ay) cos 8 - (a,, — ay,) sin 6]
gz = cos 0 sin 8 [b7 cos 6 cos (29 ~— Po) — by sin 6 cos (2 -
Pa)] -+ cos'> 8 sin: § [5; cos® 8 cos (f — Pg) + sin 8 cos Bg — by sin® 8 cos (P -+ )]
g1 = b cos (P — Py) + s cos (P - Ps) — by cos (P~ P1) — &y cos (P — p,)
fr = (cs1 — €11) cos 8 ++ (cpp = €15) S5in B
fy = —b7 c08 0 sin (2 — ;) — by sin O sin (29 + ) —
sin='/z 8 cos™ 8 | b, cos® 0 sin (P — Pg) + fur sin 8 cos B — by sin® 8 sin (P + P,)]
foo = —bysin (§ -+ ) + by sin (P - Pa) — bs (Y — B) -+ bg sin ( + )

The equations in texms of angles in the equations for 0 and ¢ constitute an independent sub-
system, hence, when 8 (v}, ¥ (1) is its solution, then
T
. - (3.3)
R (7)== Roer®;  p(v) = 1110(8), v (&) dt

i

Theorem. Let 0, and ¥, be nondegenerate solutions of system f(0, ¥) =g &, §) =0
that is algebraic in gin® and cos 8., Then the necessary condition the asymptotic stability
of system (3.1) for all k is that II (8, 4») <<O.

The proof of this directly follows from formula (3.3).

Corollary. Ewven if only at one stationary point (B, ¥3). we have I1{(8:, y4) > 0, the
equilibrium position of system (3,1) is unstable.

Remark. 1Instability of the complete system instability (when the conditions of the
theorem are satisfied) is implied by the existence of Chataev's function in the neighborhood
of the growing solution (*).

4., The sufficient conditions of stability. Sufficient conditions of stability
can be obtained by requiring that some homogeneous polynomial be a Liapunov function. Even
the examination of the simplest second order polynomial as a possible Liapunov function yields
nontrivial sufficient conditions, which were used in Sect.2.

Lemma. If system (2.1) admits a Liapunov function of the form
L=Fk{z P+ 12 %4 euz® + @n5° + apszs -+ ki - €40 - €518y -+ @208y? + @pad,y? (4.1)
that system also admits the Liapunov function
Li=kizy P+ 12 1%+ e)Z -+ €42y (4.2)
where [ >(Q is real, and a4 and ¢ are complex numbers.

Proof. If 2z (), s () is a soclution of system (2.1), then ei‘zzl (1), %, () are also its
solutions and, consequently, L (¢%,, ¢/, is the Liapunov function of system (2.1). Then
%
L, ":anS L(e®2,, o sp)du =k |2 24 | 23 [* + 2 Re (c2,2,)
kY]

is also the Liapunov function of that system.

*) Shnol', E. E. and Khazin, L. G., On stability of stationary solutions of general systems
of differential equations close to critical cases. Preprint No. 91 of the Inst. of Appl.
Math., Akad. Nauk SSSR, 1979.
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Let us determine the conditions for %k and ¢ = ¢; + ic; under which L; is a Liapunov func-
tion. Denoting |c¢ |? =¢,2 and assuming ¢;2<(k we find that the quadratic form (4.2) is
positive definite, i.e.

L= (Vhps — Vs TR + po (1 —eo’k) >0, p; = |2 I
Let us stipulate (dL,/ df)p. ;) < 0. Omitting intermediate calculations, we obtain

(dL2 / dt) ](2_1) = 2p22P2 (I), T = Py / P2 > 0 (4.3)
Py(z) =ax* +bzx+d; a=a-+1, ]/C2+D"’
b=y + VAL B+ (VCEITD+VETF), d=B+ Y VE +F
o = kay + b5 (1 cosYs + ¢ sing), B = ay + by (c; cos Py —

€y sin Pg), ¥y = kaye + ay; + by (cq cos P, — ¢, sin Py) +

be (cc08 g + €4 Sin Pg), A = kbq cos P, + by cos Py

¢y (by cos Py 4 bgcos Pg) + ¢y (bg sin Py — by, sin P,)
B = —kby sinpy + b; sin Wy —+ ¢ (b, sin P, + bg sin Pg) + ¢, (by €0s Py - bg €OS Pg)
C =k (bycos P, + b, cos P) + by cos s + ¢; (2, + a) +

€ (21 — €11) + by (€1 cCOSYP; + ¢, sin Py)
D =k (by sinp, — by sin Y1) + by (e sin Y7 — ¢, cos Py) -+

bs sin P -+ 1 (13 — €a1) + ¢ (ay + ayy)

E = kb, cos s -+ b cos g + bg oS Py - €1 (@12 + Gg2) + ¢, (€og — 1) — b4 (€1 COS Y, — €5 81D YPy)

F = —Fkby sin P, + bgsin P — by sinPs + ¢1 (C1g — Ca3) + €2 (@13 + g0} — by (€1 sin Yo + €2 €035 Pa)

if forz > 0,P, (z)< 0,L,is a Liapunov function. The inequality P, (z) <{ 0 (z >>0) is satisfied under
the following three conditions: 1) a <{0; 2) d < 0; and 3) either the roots of P(r) are
negative (P, (0) = b < 0) or there no real roots (b%® — 4ad < 0).

Let us formulate the sufficient conditions for stability. Let

Li=k|z P4 2 12+ 2,2, + EaZyy  Py(z) = a(k, )2 + b(k, o)z + d (k)
ILi=k,c:a>0) I,={kc:d<0)}, I3=1{k,c:b<0\ b — dad <0}
Theorem. The equilibrium position z = (Q of system (2.1) is asymptotically stable, if

LN Uy #* D

Examples of use of this theorem were given in Sect.2.

and

5. Limit situations. 1°. Small coefficients at resonance terms.
Theorem. If for fairly small & >0, |B;|<e, system (2.1) is asymptotically stable
or unstable simultaneously with system (1.2).

Proof. a) If the asymptotic stability criterion for system (1.2) is satisfied, that
system has a homogeneous Liapunov function L. It follows from the general theorems on homo-
geneous system stability such L is a Liapunov function also for system (2.1) when e is fairly
small /6/.

b) Let the equilibrium position of system (1.2) roughly unstable, i.e. when at least one
of the stability criterion conditions is violated. Then the angle subsystem of system (3.2)
when bj =0 has a nondegenerate stationary peint (B9, Po), 1.e.

f= (907 Vo) = g(Bp, bo) = 03 d(f, & /d 6,V 'e.,,sb, +* 0, I B¢ Po) > A >0
Hence, when & is fairly small, the algebraic system f(8, ¥} = g(8,¢) = 0 has the solution
(00, P10} and H (8,4, $10) >A4/2>0. The theorem in Sect.3 ensures under such conditions  the
instability of system (3.2) and of the complete resonance system,

2°. Large coefficients at resonance terms. Theorem. If B, = Bje’!, then
for fairly small & system (2.1) is unstable.

Proof. We introduce in system (2.1) the new time d = eds;, and obtain
dzy [ dey = e iz + ez [Ay 12y P Ape 12, | 31 4 By |2y | 220 + By'2%%s + By'zy | 2, 2 + Bz, (5.1)
dzg [ dty = eiozy + €z5ldyy [ 2y P + Agy | 22 Pl + By’ | 20 | 22y + Bo' 2y | 22 I* + Bi'2,%, + Ba'%yz, 2
Let us set &= 0. Then the obtained system is roughly unstable, since the angle subsystem of
system (3.2) (when g¢;;=0) has a nondegenerate stationary point (8, Yo}, i.e. f (8o, Po) = g (8o, Po) = 0
and I (8, %) > 4> 0.
Because of this, for fairly small € the algebraic system f({8, ¥)=¢g(0,¢9) =0 has a steady

solution (B0, ¥ye) and 1 (039, Yy0) > 472> 0. The theorem in Sect.3 ensures in this case the in-
stability of system (5.1) and, by the same token, that of system (2.1).
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